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Terminal velocity drag coefficients Cp were determined for cylinders, prisms, disks, and
spheres in air and water at Nge from 1,000 to 300,000, the regime where particles rotate and/or
oscillate. These and other similar data show that Cp is a function of particie and fluid
densities p, and pr, as well as shape and Nge.

By considering Cp a function of particle moment of inertia and the rotational moment gen-
erated by circulation (or alternatively the field force and the lift), one can deduce that

Pp Pp —
Cp =f| —or

153 Pt
pp = 1.2t0 8.3 and pr = 0.1 to 1.3 g./cc. to within =+ 10%.
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Data on the fluid dynamic forces acting on bodies mov-
ing through fluids are of importance in the design and
operation of chemical process equipment such as crystal-
lizers, classifiers, centrifuges, dust collectors, pneumatic
and hydraulic conveyors, and rocket engines.

It would be desirable, given the shape and physical
properties of a particle, the physical properties of the
fluid, and the magnitude and direction of the force field,
to be able to predict the motion of the particle by use of
equations or graphs. This goal has been partially attained.

It has been shown both theoretically and experimentally
that, if fluid compression is negligible, the resisting force
R acting on a body moving freely in a fluid depends on
the velocity of the body relative to the fluid u, an area A,
the fluid density p,, and the fluid viscosity u. The area and
velocity are usually arbitrarily chosen as the projected
area and the relative velocity in the direction of the force
field. By dimensional analysis and after the arbitrary sub-
stitution of u%,/2 for u’p,, the following relationship for
these variables can be obtained (13):

2R (dup)
Ap, i p

(1)

The exact function f is complicated and usually presented
by plotting experimental values for the drag coefficient
C, [the dimensionless group of the left side of Equation
(1)] vs. the Reynolds number N, on log-log graph paper.
In the case of steady state free fall in a gravitational force

field
R=V(P17—Pf>g (2)

Numerous free settling rate data have been collected
for spherical bodies and, in general, it has been possible to
represent these data by a single, continuous curve by
plotting Cy vs. Nx., usually on log-log paper (19). Exten-
sive data, Cp vs. Ny. curves, and a useful correlation have
been reported for isometric particles including spheres,
cubes, octahedrons, cube octahedrons, and tetrahedrons
for laminar flow conditions (Re > 0.05), transitional flow
conditions (Nz. from 0.05 to about 100 to 1,000 depend-
ing on particle shape), and for turbulent flow conditions
to Nz — 22,000 (3, 20).
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. This relationship correlates the data for

Data and useful correlations for laminar free fall of vari-
ous cylinders and rectangular parallelepipeds have been
reported by Heiss and Coull (10). Additional nonisometric
particle research for both laminar and transitional flow
conditions has been reported [for example (4, 11, 17, 22,
23)]. However, attempts to develop generalized correla-
tions for nonisometric particles under transitional flow
conditions have not been entirely successful.

In the case of more or less turbulent low (Nz. > 100 to
1,000, depending on particle shape) the previously pub-
lished free settling data for well-defined, nonisometric par-
ticles are limited to those reported by Duplieh (9) for
plates and some three-dimensional shapes in air and water,
by Pernolet (18) and Krumbein (12) for particles of only
one volume and density but of varying shape settling in
water, by Willmarth et al. (26) for disks, and a few other
restricted sets of data. Considerably more data are neces-
sary for correlation work, particularly in light of the ob-
servation that in turbulent flow, data for isometric and
especially nonisometric particles of identical shape but of
different density do not have the same C, — Nax. relation-
ship (5, 8).

The objective of the presently reported research is to
provide additional turbulent flow data on well-defined,
nonisometric particles and to develop a correlation of vari-
ables more generally applicable to turbulent flow condi-
tions than the previously developed relationships.

EXPERIMENTAL APPARATUS AND PROCEDURE

Free settling rates for disks, prisms, and spheres of several
densities in water and, to a limited extent, in air were deter-
mined.

The Particles

It was felt that previously published turbulent flow data for
spheres and isometric shapes in water and similar fluids were
adequate for use in correlation studies but that the few avail-
able data on prisms and disklike particles were inadequate.
Therefore, families of particles were manufactured which had
round, hexagonal, square, and equilateral triangular cross sec-
tions and which varied in length (height) from flat shapes
(disks) which had height to diameter ratios of ~ 0.2 to 0.6 to
long shapes (cylinders and prisms) which had length to diam-
eter ratios of ~ 1.5 to 6.0. Diameters varied from 0.2 to 2.54
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TaBLE 1. ExPERIMENTAL RESULTS IN Am*

C’D, — C,Ds

il Equa- P P1 Equa-

d, (cm.) dze, (cm.) Material N  u, (cm./sec.) Nk, or tion (5) ot tion (4)

Spheres (¥ = 1.000)
0.9523 0.9523 Aluminum 4 2,869 15,030 2,796 0.480 2,795 0.536
1.547 1.547 Lucite 1 2,394 20,370 1,178 0.465 1,177 0.513
Cylinders (¥ = 0.846, L/d = 1.75)
1.27 2.223 Aluminum 1 2,880 35,320 2,783 0.997 2,872 0.975
1.11 1.946 Aluminum 1 2,751 29,440 2,801 0.962 2,800 0.940
0.795 1.389 Aluminum 2 2,349 17,950 2,774 0.936 2,773 0.915
0.635 1.340 Aluminum 1 2,150 13,040 2,773 0.892 2,772 0.872
1.875 3.380 Magnesium 3 2,711 50,400 1,776 1.037 1,775 1.014
1.278 2.352 Magnesium 1 2,425 31,370 1,806 0.936 1,805 0.879
1.102 1.923 Magnesium 1 2,304 24,370 1,827 0.864 1,871 0.872
0.648 1.102 Magnesium 1 1,648 9,989 1,750 0.955 1,749 0.933
2.520 5.480 Lucite 1 2,560 80,470 1,178 1.012 1,177 0.993
1.897 3.330 Lucite 1 2,194 40,180 1,177 1.032 1,178 1.014
1.257 2.250 Lucite 1 1,914 23,690 1,178 0.902 1,177 0.886
Round disk (‘I’ = 0.806, dmin/dmax = 0.603, hEight/d = 0.225)
1.095 1.095 Magnesium 1 1,545 9,305 1,016 1.25 1,815 1.221

#pr =1 X 10-2 g./ce.
# = 0.0182 x 10-2 poise

cm. To facilitate comparison of the new data with existing
well-defined data (5, 8), these nonisometric particles were
manufactured, where possible, with sphericities ¥ of 0.906,
0.846, 0.806, and 0.67. Particles having a maximum sphericity
for each cross section were also manufactured. The surfaces of
manufactured particles were polished with fine emery cloth.
Steel, aluminum, and Lucite spheres were obtained principally
for evaluation of experimental procedures.

The particles were manufactured from materials having a
wide range of densities: brass, steel, titanium, aluminum, mag-
nesium, and Lucite. In general, a set of two or more specimens
for each size, length, or height to diameter ratio, cross-sectional
shape, and density were manufactured.

Particle densities were calculated from the weight in air and
in water and are accurate to within four significant figures.
Density accuracy is more important in the case of the Lucite
particle data where, owing to density inaccuracy, a maximum
error in the value of C, of less than 1% may have been intro-
duced.

The Settling Columns

A settling tank, 4 ft. in diameter and 15 ft. high, was used in
obtaining the free-fall data in water. Three horizontal plate-
glass observation windows, 3 in. high by 2 ft. long, were pro-
vided at heights of 1, 5, and 8-ft. from the bottom of the tank.
Above each observation window, a plate-glass window 6 in. sq.
was provided for illumination.

The free-fall determinations in air were made in an unused
smokestack at Murray, Utah. This stack is 455 ft. tall, about
40 ft. LD. at the base, and about 22 ft. I.D. at the top. The top
was sealed.

Fluid Properties

Fluid densities and viscosities for water and air correspond-
ing to the experimental temperatures were taken from the
“Handbook of Chemistry and Physics.” No effort was made to
keep the water temperature constant, but it was found to vary
no more than about 1°C. over several days time. The tem-
perature gradient between the top and the bottom of the tank
was negligible.

The temperature gradient for the air in the smokestack, as
determined by means of thermocouples located 30 and 75 ft.
abave the floor of the smokestack, was less than 0.5°C.

Settling Velocity Determination
Most of the velocity determinations were made by use of a
photoelectric timer (I, 6) wherein reflected light from a falling
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particle is detected at two different levels by photoelectric cells
whose output started and stopped a timing device. The maxi-
mum absolute but random timing error in a photoelectric tim-
ing observation was about 0.017 sec. The Lucite particles and a
few other slow-settling particles, for which timing intervals of
0.5 to 6 sec. were possible, were timed by means of a stop
watch, as is indicated in the data tables of reference 1.

About ten duplicate free-fall observations were made in water
to reduce the probable error in the average observed-time in-
terval, Particles of a few sets usually struck the column wall
while falling, and in these cases it was impractical to obtain
many free-fall determinations. Also, owing to experimental diffi-
culties, only one to four free-fall determinations for each par-
ticle were made in air. In air tests, the timer did not respond
consistently to the light reflected from the smaller particles,
and, with the exception of the spheres, the low-density particles
usually wandered outside the timing light beam in their descent.

As a check on the attainment of steady state velocities, par-
ticles were timed in water after free falls of both 225 and 300
cm. and in air after free falls of 350 and 400 ft. It was estab-
lished that, in water experiments, the particles reached steady
state velocities before entering the upper timing plane. Timing
data indicate that the larger and the higher density particles
did not attain steady state velocities in air in the free-fall dis-
tance available.

EXPERIMENTAL RESULTS

The numerous experimental data for water (analogous
to those for air presented in Table 1 herein) are recorded
in Tables 8 and 9 of references 1, 7, 27. Data for particles
which probably attained at least 95% of the steady state
velocity in air are presented in Table 1. In support of the
accuracy of the measurements, most of the velocity data
for spheres in water are within = 3% of those calculated
{1) by means of the usually accepted C, vs. Ni, data
(19).

Particle behavior during free fall, an important factor
in flow resistance, varies with Ng,, particle shape, and at
high N, particle behavior is also influenced by particle
density. The effect of particle moment of inertia, which is
derived from particle geometry and density, on particle
behavior and drag coefficients at high Ng. (1) is empha-
sized in this study. Under transitional flow conditions (for
nonspherical particles Nz, == 0.1 to 100 to 600 depending
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Fig. 1. Cp vs. Nre for cylinders of various densities in water (Barker) and in aqueous glucose (Christiansen). (L/d = 2.5, v = 0.806).

on shape), particles fall, oriented with the largest flat sur-
face (the largest projected area in the case of cylinders)
perpendicular to the direction of motion (I, 4, 3, 8).
However, in the range of Ng. of ~ 100 to 10°, where the
particle wake is increasingly turbulent, disks or plates
(round, hexagonal, square, and triangular) oscillated about
the longest (usually horizontal) axis as they fell with a
zig-zag motion or spun along a somewhat helical path,
depending on the moment of inertia and N.. The depend-
ence of the behavior of very thin circular disks on the
moment of inertia and Nz, has also been investigated by
Willmarth et al. (26). In this high N. range, prisms
rotated around the long (approximately horizontal) axis
and descended along a nonvertical and frequently helical
path. A helical descent rather than a straight descent at an
angle with the vertical may have been a consequence of
a lack of exact particle symmetry in some cases. The cylin-
ders appeared to fall like the prisms except at the higher
Nz, where they oscillated (teetered) about the center of
gravity; however, spin on the long axis was not directly
observed, and deviation from a vertical path was less than
in the case of prisms. Isometric and approximately iso-
metric particles rotated or spun and descended along a
helical path. [Although spheres fell along a slightly spiral
path, as previously predicted and observed (5, 16}, it was
not ascertained whether or not they spun.] For a specific
shape, the deviation from a vertical path was less the
higher the particle density. These patterns of motion were
observed in air as well as in water in the Nj, range of
~ 300 to 10°.

If, after the particle has reached steady state free-fall
conditions in the Ny, range of ~ 300 to 10°, instantaneous
velocities are continuously measured over a single oscil-
lation or rotation cycle, both the angular and translation
velocities are observed to vary (9). The steady state free-
fall velocity of spheres has also been observed to be
periodic at high values of Nxz. (5, 14, 22).

CORRELATION OF DATA

The data of this investigation for nonisometric particles,
maximum-sphericity particles, and spheres in water and

air (1), previously published isometric particle data (5,
20), some data from a previous investigation (8) for non-
isometric particles in aqueous glucose solutions, some data
for nonisometric particles in a hydrocarbon oil (4), and
the data of Lunnon for spheres in air were used in correla-
tion studies.

Preliminary calculations indicated that inflections in
the C» vs. N, data plots would occur more nearly at the
same Nz, for all shapes if the length used in calculating
the Nz, was the length of the cylinder or prism, or the
longest line in the cross section of the disks. Hence, these
lengths were used in calculating Ng,. In the case of the
maximum sphericity and isometric shapes, the spherical
diameter was used in computing Np..

The area of the flat face of disks and the maximum pro-
jected area in a plane parallel to the long axis of the
cylinders and prisms were used in Equation (1). In the
case of isometric and maximum-sphericity particles, the
projected area of the sphere having the same volume as
that of the particle was used.

Values of C, are plotted vs. N, in Figure 1 for geo-
metrically similar steel, aluminum, magnesium, and Lucite
cylinders having a sphericity of 0.806 settling in water and
in aqueous glucose solution. The lines drawn through the
data for 0.806 sphericity cylinders in Figure 1 represent
equally well the analogous data for 0.846 sphericity cylin-
ders.

It is apparent from an examination of Figure 1 that in
the Nz, range of ~ 300 to 10°, where particles rotate or
oscillate, the drag coefficient decreases with increase in
particle density as has been suggested by earlier studies
(2, 5, 8, 21). However, at lower Reynolds numbers where
the particles do not rotate or oscillate, all of the points fall
on a single line independent of the density of the particle.
A similar drag coefficient-density dependency in the Nx.
range of ~ 300 to 10° was observed in the case of all par-
ticle shapes studied.

This drag coefficient-density dependency is evidently
related to particle rotation and/or oscillation; furthermore,

particle oscillation and rotation are associated with the
periodic growth and shedding of eddies (22). For each
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sequently, a rotational moment proportional to pAu’dmax
acts on a body, and, for a free body, this is opposed by an

prA

dw Wl max
——. Hence, the ratio — might be

dt
expected to be a criterion which indicates whether a par-
ticle will oscillate or rotate and be a measure of the mag-
nitude of oscillation and, to some extent, rotation.

If this ratio is included with the usual flow variables,
the following relationship may be obtained by dimensional
analysis:

equal moment I

Alternatively, the circulation T, developed as discussed
above, about a rigid body, especially when the body is
spinning, generates a lift force perpendicular to the direc-
tion of motion

Fr = C; puTL = C; pod’ne L

One component of this force opposes the force field and
the other acts and induces motion in a direction perpen-
dicular to the force field, hence the oblique or helical path
of motion for spinning particles.

10 A |
CYLINDERS & PRISMS
o WATER, OIL, &
| ISUGAR SOLUTION
+ AIR
C ) 80 — 0 L By
D | __Eio_#g;’& °F ‘?Fmoooomuor ﬁ' ; lo*o_‘éiﬂ_‘pg%o o050 =
O.l
o® 0° 0% 10° 108

Page 148

NRe

Fig. 3. C'p computed by Equation (4) vs. Nge for cylinders and prisms in water, aqueous glucese solutions, oil, ond air

A.1.Ch.E. Journal

January, 1965



o A — T ]
ISOMETRIC PARTICLES AND DISCS
T
o WATER, OIL, &
! SUGAR SOLUTION
+ AIR
Cl o oo_lo 8% t
p | B e DISCS
0 @
g o (] e 3
ol of | 1J o 02800 ° ot 3 e °°—Tg=€;__—+7 ISOMETRIC and
B O oo o & os ot
& Cle% o | MAX. SPHERICITY
0.
102 103 104 108 Tox

NRe

Fig. 4. C'p, computed by Equation (4), plotted vs. Nro for disks and for isometric and maximum sphericity particles (including spheres) in
water, oil, and aqueous glucose solutions and the data of this investigation and Lunnon for spheres in air.

This suggests that the drag coefficient based on motion
in the direction of the force field is a function of the ratio
of the force of the force field to the lift force:

(Pp ha Pf)Vg
CLP/U(Udzm wla

By inclusion of the variables of this ratio in dimensional
analysis, the following relationship may be obtained:

e (=)™ ( ‘f;::x )=t =0 @)

The data for free fall in water and similar liquids were
satisfactorily correlated by either Equation (3) or (4).
However, it was found that the data of Lunnon (15) and
of this investigation for free fall in air could be more satis-
factorily correlated with the data for free fall in water by
means of Equation (4).

The values of the constants m and n vary slightly with
N;. and are unique for each of the three particle classes
having characteristic free-fall behavior: cylinders and
prisms, disks, and isometric particles. Average values of
m and n for Equation (3) for the N3, range of ~ 300 to
10° are respectively 2.3 and 1/6 for cylinders and prisms,
0.315 and 1/6 for disks, and 0.0 and 1/18 for isometric
particles. Values of m for Equation (4) are identical with
those for Equation (3), but n is 0.05 for cylinders, prisms,
and disks and 0.03 for isometric particles. Although the
values of n are small, the ratios (p,— p:)/(p;) and
{pp)/ {ps) vary from about 0.2 to 2,800 and 1.2 to 2,800,
respectively, and consequently the corrections are in most
cases very significant. A complete tabulation of experi-
mental and computed data is given in references 1, 7, 27.

Typical variation of Cp with particle density for free
fall in a fluid, as pointed out earlier, is shown in Figure 1.
The variation of C, with particle shape is indicated in
Figure 2, where lines are plotted representing the average
Pp — Pt

Pt
for cylinders and prisms. The general correlation achieved
with Equation (4) for free fall in water, aqueous glucose

Pr — Pr
Pr

drag coefficients corrected for density effect C,
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solutions, oil, and air is shown in Figures 3 and 4. Most
of the data are correlated within = 109. Some of the data
for Nz, < 1,000 shown in Figures 3 and 4 are transitional
flow data and, consequently, deviate considerably from
the turbulent flow curve. The data for the isometric and
maximum-sphericity particles shown in' Figure 4 have
been arbitrarily placed on a single line by means of the
shape correction factor plotted in Figure 5 as a function
of sphericity. The curve was obtained by cross plotting
the average values for C'» vs. the sphericity of each type
particle.

An examination of the data of Lunnon (15) and of this
investigation for free fall in air (Table 1) indicated that
if Equation (3) is used, the exponent n is a function of
the fluid density. Based on these data, it appears that the

or )l’ ’

Pwater

value of n should be multiplied by the ratio (
With this modification Equation (3) becomes

1/8

C :EY_ (Pp""Pr)g(dmm )m (ﬂ )w < pr (5)
D A Pfu2 dm“ o pwater
1.0
8 a
Shape 6 /|
Factor
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Dmin 4 //
//
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Fig. 5. The shape factor, Dmax/Dmin vs. ¥.
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When Equation (5) is used, the air data of this investiga-
tion agree well with the average curves for free fall in
water, as is shown in Figure 6.

The data of Lunnon (15) for steel, wood, rubber, wax,
and stone spheres falling through air in mine shafts are
15 to 609 lower than the recommended data in the
“Chemical Engineers’ Handbook” (I19). Lunnon (16) at-
tributed the lowness of some of his data to air motion in
the mine shaft. However, if Equation (5) is used, the
values for C’, for the steel spheres (the data considered
most reliable by Lunnon and represented in Figure 6 by
the data points at Nz, < 30,000) agree with the general
curve for spheres.

It will be noted that the correlation of air data by Equa-
tion (5) and shown in Figure 6 is somewhat better than
that by Equation (4) as shown in Figures 3 and 4, except
in the case of the data of Lunnon for spheres at Nz, >
30,000. Also, the correlation based on Equation (5) for
all data including air data yields slightly less data scatter
than the correlation based on Equation (4). However,
Equation (4) is somewhat easier to use than Equation
(5), especially in the case of motion in low-density fluids
such as gases, and may be found to be equally or more
effective when additional and perhaps more reliable data
for free fall in air become available and are used in de-
termining the constants. In many engineering calculations
involving ordinary liquids, computations with Equation
(5) are not particularly difficult since the effect of the ex-
ponential fluid density correction is negligibly small and
need not be included.

In applying the proposed correlation to particulate mo-
tion in fluids, particles are classified as follows. If the
ratio of the longest to the shortest distance through a par-
ticle is less than 1.7 or if the particle is approximately
spherical in general appearance, consider the particle to
be isometric. If this ratio is greater than 1.7, consider disk-
like and elongated particles to be disks and cylinders (or
prisms), respectively.

The proposed correlations have not been tested with
experimental data for hollow particles or for particles
whose volumetric, geometric, and mass centers do not ap-
proximately coincide, or whose mass centers do not coin-
cide with the midpoints of the axis. Also, caution should
be exercised in applying Equations (4) and (5) to free
fall in fluids such as air which have densities differin
greatly from the density of water, as it is felt that the air
data with which these equations have been tested are in-
complete. However, by application to extensive and reli-
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able data (I, 4, 8), the correlations have been demon-
strated to be valid for liquid densities of 0.8, 1.0, and 1.3
g./cc. and for particle densities varying from 1.2 to 8.3
g./cc.

NOTATION

A = maximum cross-sectional area parallel to the long
axis of prisms and cylinders, the cross-sectional
area of disks perpendicular to the axis, the pro-
jected area of spheres of equal volume for iso-
metric and maximum sphericity particles, sq. cm.

Cp = coefficient of resistance, dimensionless

C’» = coeflicient of resistance modified for the effects
of shape and density, dimensionless

C"» = coefficient of resistance modified for density only,
dimensionless

dwin = minimum length through the centroid of the maxi-

mum projected area parallel to motion and per-
pendicular to an axis of the cylinder or prism or
perpendicular to an axis in the surface of a disk,
cm,

max = minimum length through the centroid of the area

described under d.:., cm.

spherical diameter, diameter of a sphere having

the same volume as the particle, cm.

diameter of cylinder, sphere, or disk, cm.

- characteristic length of the particle to be used in

the Reynolds number, cm.

= function

acceleration of gravity, cm./sec.”

length of cylinder, cm.

exponent for shape correction, dimensionless

exponent for density correction, dimensionless

number of times a particle was dropped to ob-

tain u, the terminal velocity

fluid resistance to particle motion, dynes

Reynolds number, dimensionless

time, sec.

relative velocity of the particle with respect to

the fluid, cm./sec.

volume of the particle, cc,

aOA
I

Il

E&.&.
I

!

Il

¥
[l

I

R
I

<
I

Greek Letters

density of the particle, g./cc.

density of the fluid, g./cc.

angular velocity, radians/sec.

viscosity of the fluid, poise, g./cm. sec.
sphericity, the ratio of the surface area of a
sphere having the same volume as the particle to
the surface area of the particle

circulation, sq. cm./sec.
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Analysis of Phase Boundary Motion in
Diffusion-Controlled Processes: Part |l.

Application to Evaporation from a

Flat Surface

J. R. GRIFFIN and D. R. COUGHANOWR

Purdue University, Lafayette, Indiana

In an earlier paper (1), three genecral methods of approaching the moving-boundary prob-
lems were developed. In the present work, these three methods are applied in detail to the
solution of the problem of evaporation from a flat surface into a vapor phase of infinite
depth. While this particular problem has been solved before (2,3), it has been chosen as an

example here because all three methods apply directly.

DESCRIPTION OF PROBLEM

A liquid evaporates from a large, flat surface into a
vapor region which may be considered to extend an in-
finite distance above the interface. The vapor consists of
the diffusant and a gas, such as air, which is insoluble in
the liquid. The process is assumed to be controlled by
mass diffusion of the evaporated species through the vapor.
The evaporating species is the only transferred matter,
and the initial concentration in the gas is uniform. The
concentration levels and phase density difference are such
that the motion of the vapor phase away from the surface
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cannot be ignored. It is desired to find an equation for the
phase boundary motion.

The differential equation accounting for the bulk mo-
tion is given by Equation (I1.88):*

Iw % ow dw .
DX~ 1
The initial conditions are
w = 1w,
=20 2
X=X, (2)

* The Homan numeral preceding an equation number refers to an
equation in Part I of this series of papers (1). The form taken by Equa-
tion (1) involves a number of assumptions, such as constant phase
densities and diffusivity.
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